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ABSTRACT

Most of the mathematical problems are characterized as complex process for which complete
information is not always available. To handle this, the problems need to be set up with the
approximately available data. To make this possible Zadeh introduced fuzzy set theory.Fuzzy set
theory is a mathematical method used to characterise and quantify uncertainty and imprecision in
date and functional relationships. In recent years this subject has become an interesting branch of
pure and applied sciences.To late we have the theory and applications of Generalized Fuzzy Number
(GFN)also the function principle which could be used as the fuzzy numbers arithmetic operations
between Generalized Fuzzy Numbers. . Recently Generalized Fuzzy Number has also used in many
fields such as risk analysis, similarity measure, reliability etc. The difference between the arithmetic
operations on generalized fuzzy numbers and the traditional fuzzy numbers is that the former can
deal with both non-normalized and normalized fuzzy numbers but the later with normalized fuzzy
numbers. In this paper, we have discussed four arithmetic operations (addition, subtraction,
multiplication, division) for two Generalized Trapezoidal Fuzzy Number ( GTrFNs) based on vertex
method.This method is more useful than extension principle method and interval method in the case
of expressions with two or more arithmetic operations. In section-2 we have compared this method
based on an example. . In section-3 based on these operations we have solved some elementary
problems of mensuration and have calculated required approximated values. . Further GTrFN can be
used in various problems of mathematical sciences.

Keywords.Arithmetic,Operation, Trapezoidal Fuzzy Number( TrFN), Generalized Fuzzy Number
(GFN), Generalized Trapezoidal Fuzzy Number ( GTrFNs).
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1. Mathematical Preliminaries

Definition 1.1: Fuzzy Set: A fuzzy set A in a universe of discourse X is defined as the following set of pairs
f\={{x,|,l;\u)):x€)(} Herejz : X[0,1] is a mapping called the membership value of x€X in a fuzzy setA.

Definition 1.2: Fuzzy Number: A fuzzy number is an extension of a regular number in the sense that it does not
refer to one single value but rather to a connected set of possible values, where each possible value has its own
weight between 0 and 1. This weight is called the membership function. Thus a fuzzy number is a convex and
normal fuzzy set. If A is a fuzzy number then A is a fuzzy convex set and if then is non decreasing for x<y, and
non increasing for x=x; .

Definition 1.3: Trapezoidal Fuzzy Number: A Trapezoidal fuzzy number (TrFN) denoted by A is defined as
(a1,a2,a3,a4)Where the membership function

0, X< a
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aas<x=<a
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a,—x
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0, X = Qs
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Definition 1.4: Generalized Fuzzy number (GFN): A fuzzy set A=(as,a2,as,as,w);, defined on the universal set of
real numbers R, is said to be generalized fuzzy number if its membership function has the following cha,
racteristics:

(1)KA(y) : R— 10, 1]is continuous

(2) Mgy =0 forall x€ (-0,a1]U [a4,%)

(3) Wi(y)s strictly increasing on [a; ,az| and strictly decreasing on [az,a4].
(4) Wa¢y =wforallx€[azas], whereO<ws 1.

Definition1.5: Generalized Trapezoidal Fuzzy number (GTrFN): A Generalized Fuzzy Number A=(as,a2,as,a4,W),
is called a Generalized Trapezoidal Fuzzy Number if its membership
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Fig 1 :Comparison between membership function of TrFN and GTrFN.
2. Arithmetic operations of GTrFNs

In this section we discuss four operations (addition, subtraction, multiplication, division) for two generalized

trapezoidal fuzzy numbers based on vertex method.

Let & =(a1,a2,a3,a4,W1) and B =(by,ba,bs,bs,w2) be two positive generalized trapezoidal fuzzy numbers and their

membership functions are :

Iz (x) = max (min(wlﬁ,wl W1——2),0).

1z (x) = max (min(ws %,Wz ,WZﬁ ),0).
and their o« -cuts be
A=[ Ay() Ax()] =[as+ wil(a2 -ay),ay- f (a4 -a3) ], VX € [O,wy], 0 < wy< 1
By=[ B1() ,B2()] =[ b1+ b;iz(bz -by), bs - f (ba-b3)], Ve €[ O,wa], 0 < W< 1

2.1 Addition of two GTrFNs

Let C= f(R,B)=A+B

Now the ordinate of the vertices are

c1=(a1+ = (az-a1), ba+ = (b2-b1) ), =(ar+ = (az-a1),bs-= (bs-bs))
C=(as-= (as-a3), b1+ = (b2-b1) ), c4=(as-— (as-as), bs-= (bs-b3))
and f(cr) =ai+bs += (b2 +az-a1-b1)  f(c2)=as +bs+ = (a-bs -as+bs )

f(C3)=34+b1+% (b2'34+33‘b1 ) f(C4) =a4+b4+% (b3+33‘a4'b4)
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It can be shown that f(c1)<f(cz )<f(cs)<f(cs):
So Y=[min ( f(c1).f(ca ).f(cs).f(ca)),max ( f(ca).flcz ).f(cs).f(ca))]
=[ f(cl)r f(C4.)]

=[ al+b1 +% (bz +az-a; 'bl), a4+b4+% (b3+a3-a4-b4)]

. o x—(a;+by) L
[Note. X= al+b1 +; (bz +az -a; -bl) :Wm 20(:[16 (X)Z ¢4

x A (@atbs)-x R
X< Ay +b4'w (a4+b4 ds bg )=> W(a4+b4)-(a2+b2} 20<=>,uc (X)2 OC]

The addition of two A , B GTrFNs is another GTrEN € =(a;+b1,az+b;,as+bs,as+by,w)with membership function
given at equation and shown in Fig2

ﬁ lf a1+b1SzSaz+b2
_ lf a2+bZSZSa3+bg
and He (Z)_ as+by-z .
m If a3+b3SZSG4+b4
0 otherwise

i 3
n| aitb: ax+bz a3+hs asibs 7 X

Fig 2:- Rough sketch of Membership function of A(+)B.
2.2 Scalar multiplication of a GTrFN .
Let C =f(A)=kA
Now the ordinate of the vertices are
ci=( a1+ % (az-a1)) , c2=(as -% (asz-a3))
and f(es) =k(ar+ (a2 -a)) fle)=k(as-3 (a4 -a2)
Casel: When k>0, f(c1)<f(c2):
So  Y=[min( f(c).flcz ))max ( flca).flcz )] =[flca), flc2)]
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=[k a;+ —k(az - a1) Kk as - = k (as-23)]
wy w

[ x-ka L L
[Note : x=>ka;+ k(a2 - a;)) = wkaz_k;1 >o=ps (X)=oc= s (X)= «
x< kag- = k (ag -a3) = w2 >oc=pf (x)>oc=pR (x)>
- "W 473 kaskas — c - ¢ -

The positive scalar (k) multiplication of a GTrFN A is another GTrFN C‘=(ka1,kaz,ka3,ka4;w)

with membership function given at given at equation and shown in Fig3.

z—ka, s
<z<
w e if ka; <z<ka,
lf kaz <z< kag
kay-z 2
- if kaz<z<kay

kas-kb;
0 otherwise

and ¢ (z) =

A l 5
0 kai ka2 kas kas 72X

Fig 3 :- Rough sketch of Membership function of KA .

Case2: When k<0, f(c1)> f(c2)
So Y =[min( f(c1),f(cz )),max ( f(c1).f(c2 ))]

=[ flc2), f(ca)]

[ Note :

x2kas - (Kay -kas) = W oc=opl (X) 2=y (X)2 o

A% =
kay-kas

ka-
x< ka;+ Wil(kaz ka)) = wka‘z‘_‘k’; 120c=>;1’03 ®)=x=pf (0= «]

The negative scalar (k) multiplication of a GTrFN is another GTrFN C=(kaa,kas,kaz,kas;w) with membership
function given at equation an shown in Fig 4.

z—kay "
<z<
ro—— if kas<z<kay
_w if ka, <z<kas
and e (z) = kay-z S
kay-kb, 1= & =t
0 otherwise
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Fig 4:- Rough sketch of Membership function of kA.
2.3 Subtraction of two GTrFNs

Let C= f(A,B)=A-B
Now the ordinate of the vertices are:

ci=(ar+ = (a2 - a1), b1+ = (b2-b1) ), c2=(a1+ = (az- 1), bs-= (bs-b3))
cs=(@s-= (a3-33), b1+ = (b2-b1)), cs=(as-— (as-as), bs-= (bs-bs))
and f(cy) =a1—b1+%(az—bz -a1+by)  f(c)=a: -b4+%(a;+b4 -a1-bs)
f(cs)=as-bi+= (br-as+az-b;) f(ca)=as-bat= (bs+as-as-bs)

It can be shown that f(c;)<f(c: )<f(ca)<f(ca):
So Y=[min ( f(c1)f(ca ).f(cs).f(ca)),max ( f(c1).f(c2 ),f(ca).f(ca))]

=[ f(ca), f(ca)](b1-as+az-bz )

=[a1-bs += (a+bs -a1-bs ) as-by+=(bs-as+az-b )]
[Note:

x A - _x(ath) L
X= 31+b1 +w (bz +az-a; b1)=>W(a2+b2)_(a1+b1) 20c=>ﬂc (X)2 (o8

o (@stby)-x R
X< ag +b4'; (a4+b4' dz 'bg ):> Wm ZOC:HC‘“ (X)Z OC]

The subtraction of two A , B GTrENs is another GTrEN C =(a;-ba,a2+b3z,a3-bz,a4-b1,w)with membership
function given at equation and shown in Fig 5.

z—(ay-bs)

@boarby ) GPa=Z=drbs

If az'bg <z< ag'bz

If ag'bz <zZz< a4—b1

and Ug (z)= @bz

(a4-by)-(as-b;)
0 otherwise
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Fig 5:-Rough sketch of Membership function of A(-)B.
2.4 Multiplication of two GTrFNs
LetC = f(A,B)=A.B
Now the c:crdinate of the vgrtices are: . .
ci=(arty (a2-a1), bat o (ba- b)), a=(ast (a2-a1),bs- 1 (ba-b3))
cs=(as-= (as-as),bit+ = (b2-b1) ), cs=(as-= (as-az), bs-= (bs-bs))
and f(c1) ={ar+ (a2 -a1)} { b+ 3 (b2~ by)}
fle)={art, (az-a)} { bs-7 (bs-bs)}
f(ea)={as-1, (as-a3)} {bat+ 7 (b2-by)}
flen=(as-7 (a1-a3)} {bs-1 (bs-b3)}
It can be shown that  f(cz)<f(cs1 )<f(ca)<f(c3):
so Y=[min ( flca).f(ca ).f(cs).f(ca)),max ( flca).flca ).flca) f(cs))]
=[ flca), f(cs)]
=[{ar+ 3 (@2-a)} {ba+ 3 (b2-b1)}, {as-7 (as-ag)} {bs- 7 (bs-bs))

[Note:Let A1=(az'31) (bz-b]_), B1={al(bz'b1) +b(az-al)},C1=alb1

o2 « -By~/B1%-4A,(C1-z) _ _-By+ B °-4A,(C1-2)
— _ 7<) = T <
and Al(w) +B1W+C1 z<0 = o7, === ™

L -{a1(bz-by)+bi(az-ar)}+/{ai(ba-by) +bi(az-a,) P-4(az-a,) (ba-by) (a1by-z)
2 = W >
and yi¢ (z)= v 2(az-a,)(bz-by) @

d#!‘(;- (x) w -0
dz  \[{a;(by-by)+b(az-ar)}*-4(az-a1) (b2-by1) (a:b:-2)

,ulci (z) is an increasing function in z.]



[N ote :Let Azz(a4'a3) (b4'b3), Bzz'{a4(b4'b3)+b4(a4'33)},C2:a4b1

and Ay(5) 4B, +Cpz<0 = = < Pl AOn) o Bty e A0nD) 5 %

24, 24, w

and ué (z): “r_‘;-{a4(b4-b3)+b4(34-33)}+J[ail;;fi;—(:i:;ag)}2-4(a4-a3)(b4-b3)(a4b4-z) >a

dug () _ -w <0
dz \'f [34(b4'b3)+b4(a4'33)}2'4(a4'a3) (b4-bs)(asbs-z)

and ,ué (z) is a decreasing function in z.]

The multiplication of two GTrFNs A , B is a gencralized trapczoidal shaped fuzzy number
C=(a;by,a;b,,a3bs,a:bs,w)with membership function given at equation and shown in Fig 6.

w -B1++/B1%-4A,(C1-Z)

If a1b1 <z< azbz
24,
w I',f agbg <z< a3b3

and pg (z)=
‘ w BryBel4(Crz) if ashs <z <asb
24, 3V3 = = U4qlUs

0 otherwise
When A1=(az-a1) (bz'bl), B]_:{aj_(bz'bj_) +b1(az'al)},C1=a1b1

A>=(as-a3)(ba-b3), Bo=-{as(ba-b3)+bs(as-a3)},Co=asb,

1
L = .3
- ; ;H\
iy
o T A
III ¢
+ x 4 > x
Ol aiba azb: azba asba

Fig 6 :-Rough sketch of Membership function of A(.)B.
i 2.5 Division of two GTrFNs
LetC = f(K,B) =§
Now the ordinate of the vertices are

ci=(a;+ % (az-ay), bi+ % (bz-b1)), c2=(a+ % (az-aj), by -% (bs-b3z))

Cs=(as-= (as-as), bit = (b2-b1)), ca=(as-= (as-a3), bs-— (bs-bs))

{as *% (as —az)}

{bi+ 3 (b~ b))

{a;+ % (a2 —aq)}

{bs—1, (bs—bs))

{a;+ % (az —ay)}

and f(cq) TR

f(c2)= f(ea)=

It can be shown that f(cz)<f(c1 )<f(ca)<f(ca):

{as—

f(C4)={b

+—= (by—bs))

2 (as—a3)}



So Y=[min ( f(ci).f(c2 ).f(cs).f(ca)),max ( f(ca).f(c2 ).f(cs),f(ca))]
=[ f(ca), f(c3)]

{a,+ % (az —as)} {as-— % (a4 —az)}
{by— 3 (bs=b)} " {by+ 3 (ba—by)

= ]

a;bs-a,b,

L . . . . .
{(az A +Z(br b > 0 forasbs>aibs and  pg (z) is an increasing function in z.

[N ote ;,tc (2)= w

duf(z) _ asbrasb,

R . . . . .
dr —Viaran tZ(ab <0 forasby<asb; and pgz (z) is anincreasing function in z.

Again g (%) =u¢ () =w and g (=0, ug (=0

a,, a; as, a,

uk (mzb_a ):bff; > [ba<ba] and p§ (22 ):b‘:’fl [bi<bs] ]

we get that the division of two GTrFNs 4 , B is a generalized trapezoidal shaped fuzzy number
a, a, as a,

f‘-(b—b— oW w)with membership function given at equation and shown in Fig 7
4
zbsa, a; a;
—_— f —<z<—=
az-a;+2z(by-b3) b, bs
a;z as
if —=sz=<—
and pe (z)= 4 b3 bz
as-zb, a,
—_— 1 —_— < zZ < —_—
ayaz+z(by-by) f by
0 otherwwe
14
10 i I E—
M-(x) [ A
[ ; AN
i - : Ny > x
0 a:/b« ﬂ:/b? as/b: ﬂ*/bl

Fig7:- Rough sketch of Membership function of A(:)B.
3 Vertex method based on an example

Determine. Y=7( X1,X2,X3)=X1X21Xs.

Given

Xi=[2.3], Xo=[4.5], Xs=[6,7]

The ordinate of vertices are

¢1=(2,4,6) , ¢2=(2,4,7) , ca=(2,5,6) , ca=(2,5,7) , ¢s=(3,4,6), cs=(3,4,7) , ¢z=(3,5,6) , ¢s=(3,5,7)
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From those ordinates, we obtain

f(c1)=2.4+6=14 | f(c2)=2.4+7=15, f(cs)=2.5+6=16, f(ca)=2.5+7=17,
f(cs)=3.4+6=18 | f(ce)=3.4+7=19 , f(cs)=3.5+6=21, f(cs)=3.5+7=22

Then Y =[min(14,15,16,17,18,19.21,22) , max(14,15,16,17,18,19,21,22)|= 14,22]

Conclusion and future work
In this paper, we have worked on GTrFN. We have described four operations for two GTrFNs based on vertex
method and an example.. Further GTTFN can be used in various problems of engineering and mathematical
sciences.
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