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Abstract:

In this article we will define the quasi-class A, operator. An operator T e L(H), is
said to belong to quasi-class A operator if

2
T (lT’”l T |2]T >0

for some positive integer n. We denote the set of * —class A_ by Q(A,). If T is A_, then
TeQ(A,). Also, if n=1, then Q(A,) operators coincideswith Q(A") operators.

We will show basic structural properties and some spectral properties of this class of
operators. We show that, if TeA then s p(M)=s,(T), s(T), {B=s,(T), {G,
T —1 hasfinite ascent for dl | [, whereit follows that T has SVEP. Also, we will prove
here Browder's theorem, a-Browders theorem, and Tensor Products for quasi-class A’
operator.
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1. Introduction

Throughout this paper, let H be an infinite dimensional separable complex Hilbert
space with inner product (-,-. Let L(H) denote the C* algebra for all bounded operators on
H. We shall denote the set of all complex numbers and the complex conjugate of a complex
number m by [ and m , respectively. The closure of a set M will be denoted by M and we
shall henceforth shorten T—ml to T—m. For T e L(H), we denote by kerT the null space

and by T(H) the range of T. We write a(T) =dimkerT, b(T)=dimkerT :dimT(H)L,
and s (T) for the spectrum of T. We write r(T) for the spectral radius. It is well known that
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r(T)<ITIl. The operator T is called normaloid, if r(T)=lITIl. For an operator T e L(H),
1
as usud, |TE(T'T)2 and [T',T]=TT-TT (the self-commutator of T). An operator
TeL(H) issaidto benormal, if [T",T] iszero, and T is said te be hyponormal, if [T, T] is
nonnegative (equivalently if |T |T" |). An operator T e L(H) is said to be paranormal [11],
if ITIP<IT?x|l for any unit vector x in H. Further, T is said to be * —paranormal [4], if
IT xIP<IT?x|l for any unit vector x in H. T is said to be k-paranormal operator if
ITXI<I T xII*  and T is sad to be k-*-paranorma  operator if

IT XIS T %N xI* . If T isk-*-paranormal, then T is (k+1)-paranormal operator. If T is
k-paranormal operator, then T isnormaloid [9].
T. Furuta, M. Ito and T. Yamazaki [12] introduced a very interesting class of bounded

linear Hilbert space operators: class A defined by |T? | T [, which is called the absolute
value of T, and they showed that the class A is a subclass of paranormal operators. B. P.
Dugal, I. H. Jeon, and I. H. Kim [10], introduced * —class A operator. An operator
TeL(H) is said to be a *—class A operator, if |T°P|T f. A *—class A is a
generdization of a hyponormal operator, [10, Theorem 1.2], and * —class A isasubclass of
the class of * —paranormal operators, [10, Theorem 1.3]. We denote the set of * —class A

by A". An operator TeL(H) is said to be a quasi—*-class A operator, if
T|T?|T>T T PT, [17]. We denote the set of quasi—* —class A by Q(A"). T. Furuta
and J. Haketa [13], introduced n-perinormal operator: an operator T e L(H), is said to be n-
perinormal operator, if T"T">(T'T)", for each n>1. An operator T e L(H), is said to be
n—* — perinormal operator [6], if T"T" > (TT")", for each n>1. For n=1, T is hyponormal

operator, while, if T is 2-*-perinormal operator, then T is *-paranormal operator. If T is n-*-
perinormal operator, then T is (n+1)-perinormal operator. In [20], Panayappan et a. define
2

classes A, operator: an operator T e L(H), is said to be A, operator if |T™* [>T P, for
some positive integer n.

Anoperator T € L(H), issaid to belongsto *-class A, operator if
2

T Pz T
for some positive integer n.
We denote the set of * —class A, by A, . If n=1, then A, coincideswiththeclass A

operator. If T is (n+1)-*-perinormal operator, then T isclass A.. If Te A, then T is k-*-
paranormal operator.

2. Spectral Propertiesof Quasi Class A, Operator

Definition 2.1. An operator T e L(H), issaid to belong to quasi-class A operator if
2
T (lT’”l T |2]T >0

for some positive integer n.
We denote the set of * —class A, by Q(A,).
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If Tis A, , then TeQ(A,). Also, if n=1, then Q(A,) operators coincides with
Q(A") operators.
Lemma2.2. [14, Hansen Inequality] If A BeL(H), satisfying A>0 and || BlI<1, then
(B'AB)? >B'A'B foral de(0,1].
Theorem 2.3. Let TeL(H) beaclassQ(A,) operator for a positive integer n, T not have a
denserange, and T let have the following representation

A B — .
T= on H=T(H)®kerT .
0 C

Then Aisaclass A, on T(H),C=0and s (T) =s (A) U{0}.

Proof. Let P be the proection of H onto T(H), where A:T|m and
A O . .
0 0o =TP=PTP. Since T €Q(A,) , we have
2
P(|T”*l et — T |ZJP2 0.
We remark,
. . - -
PIT EP=PTT'P= AA + BB 0: |Af+|B[ O
0 0 0 0
and by Hansen Inequality, we have
2 1 1
P |Tn+l |m P — P(T*(nJrl)T(rHl) )niJrl P S(PT*(rHl)T(nJrl) P)”Tl —
1 12 = 2
L n+ n+l n+l jarl
(rey Ry s - 1A T O _jarips o
0 0 0 0
Then,
i 2 * 2 * 2 * 2
|An+1|n+]_ O ZPlTnJrllmPZPlT*IZP: |A|+|B| 0 2 |A| 0’
0 0 0 0 0O O

S0 A is A, operatoron T(H).
X

X

Let x:( jeH =T(H)®kerT". Then,

(Cx,, %) =(T(1 =P)x,(1 =P)y) = ((I =P)xT"(I = P)y) =0,
thus T =0.

By [15, Corollary 7], s (A)us (C)=s (T)uwJd , where J isthe union of the holesin
s (T), which happen to be a subset of s (A) s (C) and s (A) s (C) has no interior points.
Therefore s (T) =s (A)us (C) =s (A) U{C}.

The converse of the above theorem isvalid.
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— C e A B
Theorem 2.4. Let T be the operator on H=T(H)® kerT defined as T :[O 0) If A

belongsto class A, operator, then T isquasi-class A .
Proof . We have

T ((T*(nﬂ)-l- n+1)nl+1 _-I—I-*j-l-

1
(A BY|[(A BY"™ (A B\ )™ (A B A B
oo 0 0 0 0 0 0 0 0
1
A (A*(n+l) An+1)n+1 _ AA*] A A ((A (n+1) An+1 n+1

1

B (A*(n+1)An+1)nT1 _ AA*J A B ((A (n+1)Aﬂ+1 nl j
(_

Let v=x®y beavectorin H=T(H)®kerT", where xeT and yekerT .

i YN |J AX, x> + <A ( i J By, >
n+l _ |A |j AX, y> < ( n+l _ |A |j >

n+1 |A* |](AX+ By),(AX-l— By)>20,

Then

An+1 An+1

(A
(ol

A n+l{n1q An+1

<

because A is A, operator, {

An +1

An+1

| A |J >0. Hence Tisquasi-class A, operator.

Theorem 25. If TeQ(A,) for a postive integer n and M be a closed T-invariant
subspace, then the restriction le isadlso T eQ(A,) operator.

Proof. Let P be the projection of H onto M . Thus we can represent T as the following

A B
matrix with respect to the decomposition M @M+, T :[O D]'

A 0 .
Put A=T|, and Wehave(o OJZTP: PTP. Since T €Q(A,), we have

2
PT” [|Tn+l [ — T |2J PT > 0.
We remark,

N N S A|AFA-|BAE O)_(A|AFA O
PT |T ETP=PTP|T |2PTP=PTP'ITPTP=( IATArIB Al ]>( A J

0 0) 0 0
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and by Hansen inequality, we have

2 1 1
PT |T™ " TP=PT P(T'"T™ ) PTP < PT(PT "HTMIP)ri TP =

1
A O)(]A™E 0)"i(A 0) (A 0 IAmllﬁ ol(A 0 A*IAM'&A 0
ool o o (oo oo 5 oloo 0 0

Then,

0 0 0 0
sOAisQ(A,) operatoron M .

A complex number | is said to be in the point spectrum s (T) of T if there is a
nonzero xe H suchthat (T —1)x=0. If in addition, (T —1) x=0,then | issaidtobein
the joint point spectrum s ; (T) of T. Clearly s (T)cs (T). Ingenera s (T) s ,(T).

There are many classes of operators which

s;p(N=s,(T) (1)

for example, if T is either normal or hyponormal operator. In [25] Xia showed that if T isa
semihyponormal operator then holds (1). Dugall et.al extended this result to *-paranormal

operators in [10]. In [17] the authors this result extended to quasi-class A”. Uchiyama, [24]
showed that if T isclass A operator then non zero pointsof s, (T) and s ,(T) areidentical.

The same thing is true for many operators' classes as well.
Here, we will tell that the equality (1) holdsfor class T eQ(A,) operator.

Theorem 2.6. If TeQ(A]) and (T -1 )x=0,then (T—1) x=0fordl | ll..
Proof . We may assume that x#0. Let M be a span of {x}. Then M is an invariant

2 2 o p
C1 AT e . 2 - A|AFA O
(A | AT A 0]>PT T P2 TP > PT T |2TP2( A J

| B
subspaceofTandIetT:{0 Cj on H=M &M *.

Let P be the projection of H onto M , where T |, =1 #0. For the proof, it is
sufficient to show that B=0. Since T eQ (A, ) we have

2
P(|T”*l et — T |ZJP > 0.
By Hansen Inequality, we have

I 0] . . . - 2 . | F+|B'F O
| | — (PT (n+l)-|-(n+l) P)n+1 > P(T (n+l)-|-(n+l) )n+1 P=P |Tn+l |n+1 P>P |-|- |2 P= | | + | |
0O O 0 0

Thus, B=0.
Corollary 2.7. If TeQ(A,), then's  (T)=s (T).
Corollary 2.8. If TeQ(A,), then b(T—I)<a(T-1) foral | 0.
Proof. It is obvious from Theorem 2.6.
Theorem 2.9.1f TeQ(A,;) anda,b es o(T) witha # b , then ker(T —a) L ker(T —b).
Proof. Let xeker(T —a) and yeker(T—b). Then Tx=ax and Ty=by. Therefore

a(xy)=(T%y) =(xTy)=b(xy),
then (x,y) =0. Therefore, ker(T —a) L ker(T —b).
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Theorem 210. If TeQ(A,) has the representation T=I ®A on

ker(T -1 )@ker(T-1)", where | isan eigenvalue of T, then A belongsto class Q(A;) ,
with ker(A—1)={0} .

| O
Proof. Since T =1 @A,thenT:(o Ajandweha\/e

2

TIT™ PaT-T T FT=

¢ 0 (|4 0 j ¢ 0
2|7 <A 2 - 2
0 Ajapia) (O ATATA g AjApi A-A AR A

Since TeQ(A]), then AcQ(A).

Let x=[:1Je ker(A—1 ), then

a2

so x e ker(T —1), therefore x=0.

Lemma 2.11. [5, Holder-McCarthy inequality] Let T be a psositive operator. Then the
following inequalities hold for all xe H

1). <T“x, X>S<TX, X)' IXIPE0 for O<r <1,

2) (T%x) = (Tx,x)" I xIP for r>1.

A complex number | issaid to be in the approximate point spectrum s _(T) of T if
there is a sequence {x,} of unit vectors satisfying (T -1)x,— 0. If in additions
(T—1)x,—0 then | is said to be in the joint approximate point spectrum s a(T) of
operator T. Clearly s ,(T)<s,(T). In general S,(T)=s,(T).

There are many classes of operators for which

Sja(N=s,(T @)
for example, if T is either normal or hyponormal operator. In [25] Xia showed that if T isa
semihyponormal operator then holds (2). Dugall et.al extended this result to *-paranormal

operators in [10]. Cho and Yamazaki in [7] showed that if T is class A operator, then
nonzero points of s ,,(T) and s ,(T) areidentical. In the following, we will show that if

T eQ(A,), then nonzero points of s a(T) and s (T) areidentical.

Theorem 2.12. If T is of the class Q(A,) operator, and (T —I)x, —0 for | #0, then
(T-1)x,—0.

Proof. Let T be a class Q(A;) operator and [I(T -1 )x,I>0. We may assume that
Il x, lI=1. By the assumption (T —I )x, — 0, from

k

T =(T-1 +I )k:Z[TJI T -1) +1% for kel

i=1
we have (T*" -1 *M)x_ — 0.
By
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|" T2+nxm " _ || |2+n|§” (T2+n _I 2+n)xm "

hence
Moreover
T (T -1 ATT
‘n x =TT =1)x 1< T, @
So
Since T €Q(A,), by Holder-McCarthy inequality, we get
2
17T, IP=(T|T IZTm,xn>S<T T e Txn,xm>s
1 o0 2 2n
(T8 F Ty, T poen [Tt = T2 0 T2
So,

1 n

T T2 Il T [+

Then it follows from (3), (4) and (5) that
limsup I T lI<|1 .

Since
1) %, = (T T =1 (%, T %)~ (T %)+ 1 P=
T 12 =1 (T ) = (K TX+ 1T P=T 0 1P =1 (T =1)%0, %) =1 (%, (T =1)%,) =11 P
then
limsupll (T =1)" x, I°’<|l F—]|I F=0.

Thisimplies (T -1 ) x, — 0.
Corollary 2.13. If Tisof theclassQ(A,) operator, then s a(T), {G=s,(T), {C.
Lemma 2.14.[3] Let T =U |T | be the polar decomposition of T, | #0 and {x,} asequence
of vectors. Then the following assertions are equivalent:
1. (T-1)x,—>0and (T —I)x,—>0,
2. (T |- Dx,—0and (U-€")x_ —0,
3). (T |-l px,—~>0and U -e“x_ —0.
Theorem 2.15. If T is of the class Q(A,) operator and | es_(T), {0} then
Il s (TDs, (T D.
Proof. If | es_(T), {C}, then by Theorem 2.12., there exists a sequence of unit vectors
{x.} such that (T-1)x,—0 and (T-1) x,6— 0. Hence, from Lemma 2.14. we have
Il kes.(TDs, (T D.

Let Hol(s (T)) be the space of al analytic functions in an open neighborhood of
s(T). Wesay that T e L(H) hasthe single valued extension property at | <[ , if for every
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open neighborhood U of | the only anaytic function f :U — [J which satisfies equation
(T=1)f(l)=0, isthe constant function fl\equiv 0. The operator T issaid to have SVEP if T
has SVEP at every | €[] . An operator T e L(H) has SVEP at every point of the resolvent
r(T)=0, s(T). Every operator T has SVEP at an isolated point of the spectrum.

For T e L(H), the smallest nonnegative integer p such that kerT? = kerT " is called
the ascent of T and is denoted by p(T). If no such integer exists, we set p(T) = . We say
that T e L(H) isof finite ascent (finitely ascensive) if p(T —1 )<, fordl | e[l..
Corollary 2.16. If T is of the class Q(A,) operator, then T—I has finite ascent for all
| el
Proof. We have to tell that ker(T —I ) =ker(T -1 )*. To do that, it is sufficient enough to
show that ker(T —1 )*> c ker(T —1), since ker(T —1 ) < ker(T —1 ) isclear.

Let xeker(T-1)> then (T-1)*x=0. From Theorem 26. we have
(T—=1)(T-1)x=0.Hence,

(T =1)xIP={((T=1)(T-1)xx =0,
sowe have (T —1 )x =0, which implies ker(T —1 )*> c ker(T —1).
Corollary 2.17. If Tisof theclassQ(A,) operator, then T has SVEP.

Proof. Proof, obvious from [2, Theorem 2.39].

An operator T e L(H) is called an upper semi-Fredholm, if it has a closed range and
a(T)<ow, while T is called a lower semi-Fredholm if b(T) <. However, T is called a
semi-Fredholm operator if T is either an upper or alower semi-Fredholm, and T is said to be
a Fredholm operator if it is both an upper and a lower semi-Fredholm. If T eL(H) is semi-
Fredholm, then the index is defined by

ind(T)=a(T)-b(T).

An operator TeL(H) is said to be upper semi-Weyl operator if it is upper semi-
Fredholm and ind(T) <0, while T issaid to be lower semi-Weyl operator if it is lower semi-
Fredholm and ind(T) > 0. An operator is said to be Weyl operator if it is Fredholm of index
zero.

The Weyl spectrum and the essential approximate spectrum are defined by

S,(T)={l €0:T -1 isnot Weyl},
and
Sw(T)={l €:T -1 isnot upper semi-Weyl}.

An operator T € L(H) issaid to be upper semi-Browder operator, if it is upper semi-
Fredholm and p(T) <o . Anoperator T e L(H) is said to be lower semi-Browder operator,
if it is lower semi-Fredholm and q(T) <. An operator T e L(H) is said to be Browder

operator, if it is Fredholm of finite ascent and descent. The Browder spectrum and the upper
semi-Browder spectrum are defined by

S, (T)={l €:T -1 isnot Browder},
and
Sw(M)={l €:T-I isnot upper semi-Browder}.
Theorem 2.18. If T or T~ belongs to class Q(A,), then s (f(T))= f(s,(T)) for al
f e Hol(s (T)).
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Proof. Theinclusion f(s ,(T))<s,(f(T)) holdsfor any operator. Let TeQ(A,), then T
has SVEP, then from [2, Theorem 4.19] holds s ,(f(T)) < f (s ,(T)). If T  eQ(A,), similar

to above.
The following concept has been introduced in 1997 by Harte and W.Y. Lee [16]: A
bounded operator T is said to satisfy Browder's theoremiif s ,(T) =s,(T).

Theorem 2.19. If Tor T™ belongs to class Q(A,) , then f(T) satisfy Browder's theorem for
al f e Hol(s (T)).

Proof. Since T or T~ has SVEP, then from [2, Theorem 4.22] f(T) satisfies Browder's
theorem for all f € Hol (s (T)).

The following concept has been introduced in 2000, [8]: A bounded operator T is
said to satisfy a-Browder's theoremif s, (T) =s ,(T).

Theorem 2.20. If Tor T* belongsto class Q (A, ), then a-Browder's theorem holds for f(T)
and f(T) foral f e Hol(s(T)).

Proof. Since T or T~ has SVEP, then from [2,Theorem 4.33] f(T) and f(T) satisfies
Browder's theorem for al f € Hol(s (T)).

3. Tensor productsfor quas *-class A,

Let H and K denote the Hilbert spaces. For given non zero operators T e L(H) and
SeL(K), T®S denotes the tensor product on the product space H ® K. The normaloid

property is invariant under tensor products, [22]. There exist paranormal operators T and S,
suchthat T® S is not paranormal, [1]. In [23], Stochel proved T ® S isnormal, if and only
if, T and S are normal. This result was extended to class A operators, *-class A operators,
class A, operatorsand quasi class A, operatorsin [18], [10], [20], and [21] respectively. In

this section, we prove an anaogues result for Q (A,) operators.
Lemma3.l. [9)Let TeL(H) and SeL(K) benon zero operators. Then:
D). (TS (T®S)=TT®SS,
2). |TOSP=T P ®|S|° for any positive real number p.
Theorem 3.2. Let TeL(H) and SeL(K) be non zero operators. Then T ® S belongs to
Q(A,) operator, if and only if, one of the following holds:
1). TandSareQ(A,),
2. T?=00r §°=0.
Proof. We have
2
(T®S) £|(T QY™ - |(T®S) |2](T ®S)=

2

2
(T ®S)*[|T”+l M IS™ | - |T F®|S |2J(T ®S) =
2 2 2
T*[|T”+1 P —|T |2]®s* 1S SH+T T P T ®s*[|5“+1 r-|S |2]s
Hence, if either (1) Tand Sare Q(A,) or (2) T°=0o0r S°=0,then T® SeQ(A,).
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Conversely, suppose that T® S isa Q(A,) operator. Then, for xeH, yeK we
gan
2 2 2
<T* (ITM [t =T IZJTX, X><S* |S™ | 8y, Y>+<T* IT" [ Tx, X><(S* |S™ " S )9y, y> >0
It suffices to show that if the statement (1) does not hold, then the statement (2) holds.

Thus, assume to the contrary that neither T> nor S* is the zero operator, and T is not
Q(A,) operator. Then, there exists x, € H, such that:

2
<T*[|T"” T |2JTXO,XO>:a <0and (T"|T" f Tx, %) =b >0.

From above relation, we have
2
(a+ b)<S* |Sn+l Sy, y>2 b <S* |S* |2 Sy, y>.
Thus, SeQ(A") operator, because a +b < b.

We have,
(SISFS.y)=(SFf9.Y)=(SY.Sy=ISyI
and using the Holder McCarthy inequality, we get

2 1 1 2n 2 2n
<S* | (S |n+1 %/’ y> — <(S (n+1)Sn+l)n+1 &,, S/> < <S (n+1)Sn+1a/’ S/>n+l I a/ I+ =]l Sn+2y [In]] a/ I+

Then,

2 2n

@-+b)IS"?ylI™ SylI™=b I SSyIF.
Since SeQ(A,), from Theorem 2.3. S has decomposition of the form

A B — »
Sz(o O] onH =S(H)®kerS

where A= S| is A, operator, we have

2 2n

(@ +b) Il A™?ml™Ll Amlii> b || A Amif?,

S(H)

for al me S(H).
Since Ae A, then A is normaloid, since A is k-*-paranormal operator. Thus, taking

supremum on both sides of the above inequality, we have
@+b)IlAI*>b I AlI*.

0 BY
This inequality makes A=0. Hence, S° = (0 OJ =0. Thisis a contradiction to that

S? isnot azero operator. So T must be a Q (A,) operator. A similar argument shows that S
isasoaQ(A,) operator, which completes the proof.
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