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Abstract

Bootstrap Method examines a data practical approach to illustrate the support applications
and other Resampling methods. It can also provide a powerful approach of statistical data
anaysis, as they have more general applications than standard parametric methods.

Bootstrap is a method which provides accurate measurements in the evaluation of a choice.
This technique allows the evaluation of a choice distribution. In the case of supposed
independent observations, it can be implemented by creating a number of new choices of
observed data, each of which taken randomly.

This article begins with a description of Bootstrap methods and shows how they are related to
other resampling methods. In the meantime it examines a wide variety of application
approaches.

The article deals with the generation of bootstrap copies by computational methods which
enable us the calculation of variance, average and quantiles coefficient; the evaluation of
standard error, and BCA confidence interval. It also examines the applications of these
methods in a wide range of problems and the rising assumptions and hypotheses together
with evaluation problems.

Bootstrap method uses statistical software such as R, S-Plus, SPSS to attain alot of valuesin
different choices. In this article we have used the statistical software R, which is a software
that is 'free’, based on the S language, providing the implementation of a wide range of
statistical functions.

This paper presents experimental results of the population which are taken into consideration
to study the variance coefficient using Bootstrap Method by emphasizing the implementation
of programming language. It will also present the comparison of experiment conclusions
which are drawn by using the standard statistical methods.
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1. Introduction

The bootstrap method introduced in Efron (1979) is a very genera resampling procedure for
estimating the distributions of statistics based on independent observations. The bootstrap
method is shown to be successful in many situations, which is being accepted as an
aternative to the asymptotic methods. In fact, it is better than some other asymptotic
methods, such as the traditional norma approximation and the Edgeworth expansion.
However, there are some counterexamples that show the bootstrap produces wrong solutions,
i.e., it provides some inconsistent estimators.

2. Bootstrap Method

Assumed the datar; ..i:..—..i;, are independent and identically distributed (iid) samples from
ak-dimensional populatl on dlstrl bution Fand the problem of estimating the distribution:

Helx] = PIR, & x]
Wherer, =#,01,.£}is a rea-valued functlonal of Fand:, e Ao X la stetistic of
interest.
Let """ be a “bootstrap” samples iid froms, the empirica distributionbased on

[a = TalXi. X2 andf: =E.(T0.R). Bis constructed byplacing a  each
observatl on X massl/n Thus may be represented as:

Fa(X)==Li. 10X =,
A bootstrap estimator of Hy is:
H. () =£lR; = 1}
where for given ., ..i ., Pxisthe condltlonal probability with respect to the random

generator of bootstrap &ampl& Since the bootstrap samples are generated fromF,, this
method is called the nonparametric bootstrap. Note thati . [+ will depend on F.and hence vet

itself isarandom variable. To be specific,i . (xwill change asthe data{xy,....,Xn}.

Ferwedwdran Nklrbirdlon
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Fig.1Bootstrap distribution Graphics
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Example 1.

Let us consider a sample containing two hundred values generated randomly from a standard
normal population N (0, 1). This is the original sample. In this example, the sampling
distribution of the arithmetic mean is approximately normal with a mean roughly equal to O
and a standard deviation approximately equal to 1/200. Now, let us apply the nonparametric
bootstrap method to infer the result. One thousand and five hundred resamples are drawn
from the origina sample, and the arithmetic mean is calculated for each resample. These
calculations are performed by using = functions as follows.

Step 1.Randomly draw two hundred points from a standard normal population.
Gauss <-rnorm(200,0,1)

Step 2. Perform the nonparametric bootstrap study (1500 resamples).

Bootmean < -1 : 1500

For (iin1: 1500) bootmean[i] < - mean (sample (gauss, replace = T))

Step 3. Do the normalization and comparison with N(0,1).

Bootdistribution < -sgrt(200)* (bootmean — mean (gauss))

Hist(bootdistribution, freq =FALSE, main ="Bootstrap Distribution, xlab="""")
Points(x,y col=2)

Theorem 1.
If Xx1<x2 and X; and Xx.are points of continuity of Fthen we have:

wherefi:!is the characteristic function.

3. Bootstrap standard error and bias

a) Bootstrap estimate of standard error

Arguably, one of the most important practical applications of the bootstrap is in providing
conceptually ssimple estimates of the standard error and bias for a statistic of interest. As
usuals stands for the statistic of interest based on the observed sample. In output of the
bootstrap method, we get bootstrap replicates(z.. . £, .Let us denote its standard error by
o, Standard error definedas, Var(=(X.. ... %, . Since the form of the statistic s may be very
complicated, the exactformulas for the corresponding bootstrap estimate of standard error
(BESE) is approximated bythe empirical standard deviation of (... .5,

i — ) o;

L
Wherez,is the mean of bootstrap replicates; = Zi., 3, .
Let us note that the total number of resamples b, may be taken as large as we wish, since we

arein complete control of the resampling process. For instance, it has been shown that for
estimatingBESE, b equal to about 500 typically gives already a satisfactory approximation.
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b) Bootstrap estimate of bias

Similarly, we have an analogous estimate of the bias of statistics s. We recall that the biasis
thedifeerence between the expectation of our statisticsand the mathematical quantityS we
want to estimate. For instance, the bias of the mean is defined astiy_ = ELX. ] - E[]. Whereas
in aparametric context, the bias ofZ.iss; =g[i |-, whereican denote the parameter of
anexponential distribution for example.

We estimate the bias of the statistics by :

5-_=:\:".5' —5(x ' H,

/ i =L s
T D—n

We denotet,as the bootstrap et mate- o-f bias (BEB). When b = 1000, we generally have a
goodestimation of the true biast.

4. Bootstrap confidenceinterval

Confidence sets are widely used in statistics because they provide bounds for s our statistic
ofinterest A subsett.. of R issaid to be aconfidence set of levelzif Pz ) =1 —=.

In most cases, confidence sets are constructed by considering a \pivotal" functlon_ T )
whose distributiont.;is independent of unknown distributionF. But the problem is that the
distributiont,is not necessarily known. In classical theory, we replace the distribution_by its
limit and so the derived confidence set isonly valid for largen.

The bootstrap approach of this problem consists in using the bootstrap estimationts .0 Ly,

and then construct the confidence set.

a) The Gaussian Bootstrap

The normal-theory interval assumes that the statistic s is normally distributed, which can be
thecase for statistics in suficiently large samples. And then we use the bootstrap estimate of
standarderror to construct a 100 — (L — = jconfidence interva for S of the form:

— N L | e LT

Wherezs, is the bootstrap estimate of the star;dard error-ofs, andx__:isthe 1 —-quantile of
the standard-normal distribution.

b) The Bootstrap-t

The problem of the previous approach is that we use the normal approximation on the
statistic s. That is to say we assume:;_"follows a normal distribution, where s is our statistic
estimatingthe quantity S and=,, denotes the true standard error of s. The principle of the
bootstrap-t is toestimate the distribution of'_—'_"by its bootstrap distribution.

If we denote by ..the distribution corriputed with the bootstrap replicates, then the
bootstrap-t.Confidence interval forSis:

The 1st International Conference on Research and Education — Challenges Toward the Future (ICRAE2013), 24-25 May 2013,
University of Shkodra “Luigj Gurakugi”, Shkodra, Albania



The main drawback is we need an estimate of the standard errors,of s. But we have to use
difference bootstrap replicates fori...., ands,.

c) TheBootstrap Percentile

An dternative approach, called the bootstrap percentile interval, is to use the empirical
quantiles of bootstrap replicates (z.. ..., to form aconfidence interval for s:

S o
il

=1

Wherei = o= . k= 11 —{l —] andi“denotes the ordered bootstrap replicates.

d) Thebootstrap accelerated bias-corrected percentile (BCa)

Although they do not assume normality, percentile confidence intervals often do not perform
well.

So-called bias-corrected, accelerated (or BCa) percentile intervals are preferable. To find the
BCainterval for s, we first computez =#-*(l,,..s' ], wheres~-‘stands for the standard-
normalquantile function and &: ... is the empirical distribution function of s calculated with
bootstrapreplicates. If the bootstrap sampling distribution is symmetric, and if s is unbiased,
then this proportion will be close to 0.5, and the “correction factor” z will be close to 0.

Let s _; represent the value of sproduced when thé i-" observation is deleted from the original

sample(x;. .=, 1. There are n of these quantities;s-_, =six, ooxbos o =sln 2 x|
Let srepresent the average of the 1-deleted stetistic sample (= _.,.—.s .. |5 ==EL.s ;. Then
we calcul ate:

%" 1 =

a= i
AP iy = Wi

With the correction factors z and a in hand, we compute:

2, =@| 2 4 ———i—p| dhe 2, = |z 4 :

l1-alz—u, —=) l—alz—u, —-]

Finally, the values a.anda.are used to locate the endpoints of the corrected percentile
confidence interval:

where = [ha,Jandk = [ba:].

When the correction factors a and z are both 0, we
geta, == —-___:.'I=~: vz |=-ands; =&y, -/ =@|uw|=1--which corresponds tothe

(uncorrected) percentile interval. So we explained that the correction factor z issued to correct
the bias of the confidence interval, while a is dedicated to speed up the convergenceof the
confidence interval.

The whole idea behind this correction two correction factors is to find a relation betweenthe
statistic s and our quantity of interest S such asPifis! — 5 = = =z = where thetransformation
function f is such that «is aknown distribution (typically the normal distribution).

But the previous equality does not necessarily hold. So Efron & Tibshirani (1993) suggests
an equation of the form:

TR
allf &
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To obtain sufficiently accurate 95-percent BCa confidence intervals, the number of
bootstrapsamples, b, should be at least 1000.

5. Bootstrap hypthesistest

A hypothesis test is a statistical rule based on a random sample which aims to decide if a
hypothesis (a statement on a characteristic of data) can be rejected or accepted. Formally, we
choose two hypothesis and (respectively the null and the aternative hypothesis). A
hypothesis test give us a criterion to choose between and . We generally denote by the
error probabilitytorgject  when  istrue.

As for the other applications of bootstrap method, two cases have to be distinguished:
nonparametric and parametric bootstrap.

%+ For parametric bootstrap testing, we assumed data come from a known
distributionsbutwith an unknown parameters. Under the null hypothesis, sis
contained in a particular subsetof parameter saya.. (which could be just asingleton).
So we just have to sample bootstrapreplicates:; £ under the null hypothesis. And
then, approximate the probability thatwe rej ect—' whichi |s—

¢ For non-parametric bootstrap testing, we generaly test some characteristics on multi
sample (e.g. the independence or the difference in means of two samples). This has
consequences onthe resampling method, because we need to resample under the null
hypothesis.

Here are some very basic examples of bootstrap hypothesis tests. First, we use a non-
parametricbootstrap method to compare two soporific drugs on patents by the extra number
of sleeps compareto control. We want to test if the two samples (x and y) have the mean i.e.
Hyfa = RanNdH 5, = 7.
Wlth R we find a p-value of 99%, hence we utterly rgect the null hypothesis. More
complicatednon-parametric bootstrap test can be done with a studentized “pivot".

Secondly, we illustrate the parametric bootstrap hypothesis test. We consider an
exponentialdistributed sample, i.e. we assumed :}. The maximum likelihood

MELRLER O MR

eﬂlmmorls— Withz, we simulate asample (¥ . =, 1.
The maximum likelihood estimator isi =—16333. We want to test the hypothesis
that# -2 = 1.2 . We sample 100 sample exponentially distributed with aiparameter equal to

1:8 in order to compute bootstrap replicate. Then the p-value is 0:43 approximated by the
ratioof bootstrap replicate greater than i and bootstrap number (b = 100). Hence to reject the
nullhypothesis, we can have a better confidence than 44%.

The 1st International Conference on Research and Education — Challenges Toward the Future (ICRAE2013), 24-25 May 2013,
University of Shkodra “Luigj Gurakugi”, Shkodra, Albania



Shembull 2.
Take in consideration the population of the students in the University of Vlora "lIsmail
Qemali ", bachelor in Information Technology and Informatics, whose will study the
arithmetic average of the 3-year study after they were graduated. For this data we will
estimate the coefficient of variation, o generate a single bootstrap sample, the value
corresponding to the upper 97.5, the value corresponding to the lower 2.5%, Efron confident
limit, BCA confidence limits and a plot of the histogram of these values.The values are:
(8.26, 6.33, 10.0, 5.27,5.35, 5.61, 6.12, 6.19, 5.2, 7.01, 8.74, 7.78, 7.02, 6, 6.5, 5.8, 5.12, 7.41, 6.52,
6.21,8.28, 5.6, 5.38, 6.6, 8.74, 8.16, 5.33, 10.0, 6.27, 5.35, 5.51, 6.17, 6.15, 5.3,
7.01,8.74,7.78,7.02, 6, 6.5, 5.8, 5.12, 7.41, 6.52, 6.21,7.28, 5.6, 5.38, 6.6, 8.74, 8.26, 6.33, 10.0,
5.27,5.35,5.61, 6.12, 6.19, 5.2,7.01, 8.74, 7.78, 7.02, 6, 6.5, 5.8, 5.12, 7.41, 6.52, 6.21,
7.28, 5.6, 5.38, 6.6, 8.74, 8.26, 6.33, 10.0, 5.27, 5.35, 5.61, 6.12, 6.19, 5.2,7.01, 8.74, 7.78, 7.02, 6,
6.5,5.8,5.12, 7.41, 6.52, 6.21,5.28, 5.6, 5.38, 6.6, 8.74).

1. So, let’s compute the CV
CV(x)= 0.1909538

2. Compute the CV using a single bootstrap sample,
CV(sample(x,replace=T))=0.1692212

3. Note that the sum command isfairly general, for example
sum((x-mean(x))" 2)=158.7123
mean(boot)=0.1889268
Find the variance var (boot)= 0.0001496165
The value corresponding to the (say) upper 97.5 quantile(boot,0.975)=0.2117789
The value corresponding to the lower 2.5% quantile(boot,0.025)=0.1647055
Estimate of the bias <- mean(boot) - CV(x) 0.1929808
The approximate 95% confidence interval is given by
CV(x) bias - 1.96* sgrt(var (boot)=0.1690065
CV(X) - bias+ 1.96* sgrt(var(boot)= 0.2169551

10. Efron’s confident limit has an upper and lower value of

guantile(boot,0.975)=0.2117789
guantile(boot,0.025)=0.1647055

11. BCaconfident limit has an upper and lower value of
2* CV(x) - quantile(boot,0.025)=0.2172021
2* CV(X) - quantile(boot,0.975)=0.1701286

12. Histograma:

©oOoNO O

B=gqais L

Fig. 2 The histogram
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Conclusion

In statistics, Bootstrap method is a method that gives us the right measurements in the
evaluation of the choice. This technique alows the evaluation of distribution of a choice. A
standard choice for the approximate distribution is the empirical distribution of the observed
data. In the case of the observations can be assumed to be independent, it can be implemented
by constructing a number of re-election to the observed data, each of which was obtained by
random choice.

Bootstrap method is a method for statistic. It is mainly used in the calculation of confidence
intervals, but also used to caculate the displacement of an evaluator and control
hypotheses. The task is to use the scientific method to determine Boostrap correctness of the
statistical assessments, thus approximating the standard error and confidence interval limits.

The bootstrap method needs a good statistical software, where intensive computation can be
done. R statistical software is a free software based on the S language, providing an extreme
widerange of statistical functionalities R allows users to add additional functionality with
packages.
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Appendix: R-Program for finding the variance coefficient

# R has anumber of nice features for easy calculation of bootstrap estimates and corfidence
#intervals. To see how to use these features, consider the following 100 observations
# Suppose we wish to estimate the coefficient of variation. Let’s do this with a bootstrap estimator.
# First, let’s put the data into a vector, which we will call x,
x <-c(8.26, 6.33, 10.0, 5.27, 5.35, 5.61, 6.12, 6.19, 5.2,
7.01, 8.74, 7.78, 7.02, 6, 6.5, 5.8, 5.12, 7.41, 6.52, 6.21,
5.6, 5.38, 6.6, 8.74,8.16, 5.33, 10.0, 6.27, 5.35, 5.51, 6.17, 6.15, 5.3,
8.74, 7.78, 7.02, 6, 6.5, 5.8, 5.12, 7.41, 6.52, 6.21,
.28, 5.6, 5.38, 6.6, 8.74,8.26, 6.33, 10.0, 5.27, 5.35, 5.61, 6.12, 6.19, 5.2,
8.74, 7.78, 7.02, 6, 6.5, 5.8, 5.12, 7.41, 6.52, 6.21,

5.6, 5.38, 6.6, 8.74,8.26, 6.33, 10.0, 5.27, 5.35, 5.61, 6.12, 6.19, 5.2,
.01, 8.74, 7.78, 7.02, 6, 6.5, 5.8, 5. 12, 7.41, 6.52, 6.21,
5.28, 5.6, 5.38, 6.6, 8.74)
# Now let’s define a functon in R, which we will call CV, to compute the coefficient ofvariation,
CV <- function(x) sqrt(var(x))/nmean(x)
# So, let’s compute the CV
CV(x)
# To generate a single bootstrap sample from this data vector, we use the command which generates a
#bootstrap sample of the data vector x by sampling with replacement.
sanpl e(x, repl ace=T)
# Hence, to compute the CV using a single bootstrap sample, The particular value that R returns for
#you will be different as the sample is random.
CV(sanpl e(x, repl ace=T))
# Note that the sum command is fairly general, for example
sun( (x-mean(x) )" 2)
# So, lets now generate 1000 bootstrap samples. Wefirst need to specify a vector of real
#values of lenght 1000, which we will call boot
boot <-nuneric(1000)
for (i in 1:1000) boot[i] <- CV(sanple(x,replace=T))
# The mean and variance of this collection of bootstrap samples are easily obtained using the mean
#and var commands (again, your values may differ),
nean( boot)
#Find the variance
var (boot)
# Likewise, the value corresponding to the (say) upper 97.5
quanti |l e(boot, 0. 975)

# while the value corresponding to the lower 2.5% follows from
quanti |l e(boot, 0. 025)

# Recall from the notes that the estimate of the bias is given by the difference between the mean of the
#bootstrap values and the initial estimate, and an bootstrap-corrected estimate of the CV is just the

#origina estimate minus the bias,

bi as <- mean(boot) - CV(x)

CV(x) -bias

# Assuming normality, the approximate 95% confidence interval is given by
CV(x) - bias - 1.96*sqrt(var(boot))

CV(x) - bias + 1.96*sqrt(var(boot))

# Efron’s confident limit has an upper and lower value of

quanti |l e(boot, 0. 975)

quanti | e(boot, 0. 025)

# BCa confident limit has an upper and lower value of
2*CV(x) - quantile(boot, 0.025)

2*CV(x) - quantile(boot,0.975)

hi st (boot)

00O 0o
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