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Abstract

In these paper we consider the p-quasi cone metric space and p- cone metric space as topological
spaces. We define the topology in p-quasi cone metric space. We study some properties related
with open and closed sets, the convergent and Cauchy sequences. Also we give some theorems
related with completeness and compactness of p — quasi cone metric space. Our results are
generalizations of many theorems in metric space, cone metric space and quasi cone metric
space.
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1. Introduction

In 2007, Huang and Zhang [4] introduced the concept of cone metric space replacing the
set of real numbers with an ordered Banach vector space. They studied fixed points in these
spaces. There are many authors as Rezapour, Abdeljawad, who have worked with these ideas.
Sh. Rezapour(Rezapour.Sh, Derafshpour.M, Hamlbarani R., 2008) and P. D.
Proinov(Proinov.P. 2013) have defined the topology in cone metric space. Because quasimetric
space is more general than metric space and is a subject of intensive research in the context of
topology and theoretical computer science, Abdeljawad and Karapinar (Abdeljawad. T,
Karapinar. E. 2009) and Sonmez have given a definition of quasi-cone metric space which
extends the quasi-metric space.

In 2014, E. Sila et.al (Sila. E, Hoxha. E, Dule. K, 2014) introduced the concept of p —
quasi cone metric space which generalize the concept of quasi cone metric, cone metric space
and p-cone metric space. Until now we have studied some fixed point results in p —quasi cone
metric space.

Now we recall some known notions, definitions and results which are used in this paper.

2. Preliminaries

Definition1.1[4] LetE be a real Banach space and P be a subset of E. P is called a cone if and
only if

(i) Pisclosed, P = ®, P ={0};

(ii) for all x, yeP=ax + By€eP, where a, BER";

(iii) xeP and —xeP=x = 0.

For a given cone PcE, we can define a partial ordering < with respect to P by x <y if and only
if y—xeP. x<ywill stand x<y and x=Yy, while x[1 y will stand for y—xeintP, intP
denotes the interior of P.

The cone P is called normal if there is a number k >0 such that0<x<y=|x|<k]|y]|, for

all x,y € E. The least positive k satisfying this is called the normal constant of P. The cone P is
called regular if every increasing sequence which is bounded above is convergent; that is if X is
a sequence such that x, <x,<..<x <..<y, for some yekE, then there is xeEsuch that
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|, —X| — 0asn — co.Equivalently, the cone P is regular if every sequence which is bounded
below is convergent.
Definition 1.2[4] Let X be a nonempty set. Suppose the mapping d : X x X — E satisfies
(i) 0 <d(x, y) forall x, yeX, and d(x, y) =0 if and only if x=y;
(i) d(x, y) = d(y, x)for all x, y€eX;
@id (x,y) <d (x, z) +d (z, y), for all x, y, z€X.
Then, d is called a cone metric on X and (X, d) is called a cone metric space.
Definition 1.3 (Abdeljawad. T, Karapinar. E. 2009) Let X be a nonempty set. Suppose the
mapping q: X x X — E satisfies
(1) 0 <q(x, y) forall x, y € X,
(i) g(x,y)=0 ifandonlyifx =y ;
@) q(x,z) <q(x, y)+q(y,z) forall x,y,ze X
then q is called a quasi- cone metric on X, and (X, q) is called a quasi-cone metric space.
Now, we state our definition which is more general than quasi-cone metric space.
Definition 1.4 (Sila. E, Hoxha. E, Dule. K, 2014) Let X be a nonempty set and p>1. Suppose

the mapping g, : X x X — E satisfies

(1) 0 <gp(x, y) for all x, yeX,

(i) g,(x,y)=0ifand only if x = y ;

(i) g, (x,2) < p(q,(x, y) +q,(y,2)) orall x,y,ze X
Then qp is called a p-quasi -cone metric on X, and (X, qp) is called a p-quasi -cone metric space.
Examplel.5 Let X = (0,:0),E =R*,P={(x,y) €E, X,y e R"}and g, : X x X — E defined by

_ 2 _ 2
o, (X y)= {((X y)((,)ao()x y©) x>y . Wherea e R*.
,0),x<y
2.Main Results

2.1 The topology in p-quasi cone metric space

Sh. Rezapour (Rezapour.Sh, Derafshpour.M, Hamlbarani R., 2008) and P. D. Proinov
(Proinov.P. 2013) have defined topology in cone metric space. Now we define topology in p-
quasi cone metric space and we give some topological properties of these spaces.

Let E be an ordered vector Banach space, P — E a regular and normal cone in E with constant of
normality K >1 and (X,q,) a p-quasi cone metric space. We take ae X andcl] 0, ceP.
Definition2.1.1 Open right ball of radius ¢>>0, centered at a is called the set
B(a,c)={xe X :q,(x,a)J c}.

Definition 2.1.2 Open left ball of radius ¢>>0, centered at a is called the set
B"(a,c)={xe X:q,(a,x)[J c}.

Definition 2.1.3 Closed right ball of radius c¢c>>0, centered at a is called the set
B(a,c)={x e X 1q,(x,@) <c}. Closed left ball of radius c>>0, centered at a is called the set

B"(a,c)={xe X:q,(a,x)<c}.
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Theorem 2.1.4 Let (X,q,) be a p-quasi cone metric space. The family defined as follow
r;‘p ={¢,X,G < X,VaeG,3B’(a,x) =G} is topology in X .
Proof: The family r;’p satisfies the conditions of being a topology because:

1) X,ger, .

2) For every(G,) cr;‘p and ae‘LfGi there exist an open left ball Bij (a,c,) =G, . From

iel

B (a.c,)c=G, UG, we have UG, ez'gp .
3) For every G, and G, from rgp and aeG NG, there exist B/(a,c)cG, and

Bf (a,c,)=G,. For ¢,1] Oandc,] O from Theorem 1.1.7 there exist e[l 0, such that
el ¢, and el c, and BY(@e)cB'(ac)nBi(ac,)cG NG, So we have
G NG, e rgp :

The topologyr;’p is called right topology obtained from p-quasi cone metric ¢,. In the same

manner we define the left topology T(;'l obtained from p -quasi cone metricq, .

The following propositions are given for right topology r;’p. In the same manner we can

formulate these propositions for left topology 2'31 in (X,q,).

Definition 2.1.5 The set Ac X is called right opened if Ae rgp .

Definition 2.1.6 The set V < X is right neighborhood of point a if there exist an opened right
ball centered at a that is contained in V (B®(a,c) V).
Proposition 2.1.7 The topology r;‘p in (X,q,) satisfies the first axiom of countability.

Proof: The family S, (a) ={B“(a,c):c[J O}is neighborhood system base of point a. For a fixed

elementb] Oand everycl] 0, there existn e N such thatO[] %bD c. So B¢ (a,%b) cB%(a,c)

and S, (a)={B" (a,%b) :ne N}is a neighborhood system base of point a and the set S, (a) is

countable. So the topology r;‘p satisfies the first axiom of countability.

Theorem 2.1.8 The set Ac X is right opened if and only if for every point a< A there exist
B“(a,c) such that B*(a,c) c A.
This theorem is true from the definition of topology rgp .

Definition 2.1.9 The set Ac X s right closed if X — A is right opened.
Theorem 2.1.10 The space (X,rfjp) is T1.

Proof: For every x e X we have to prove that set {x} is right closed or the set X —{x} is right
opened. Let be ae X —{x}, then a=x=q,(x,a)[] 0. Sign as c=q,(x,a). Because cl] O

then there exist neN such that O[ %D Cc. Let prove that B(a,zi)cX—{x}. Let
n
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bEZEB(a,%), then q,(z,a)C %D c=g,(x,a). So z=#x, and ze X —{x}. We have that

X —{x} is a right opened set and the topology r;’p is Ti.
Definition 2.1.11. Let(X,q,)be a p-quasi cone metric space and (x,) asequencein X .
(1) The sequence (x,) is right convergent at x e X if for every cl[1 0, there exist n, e N
such that for every n>n, we have q,(x,,x) c.
(2) The sequence (X,) is left convergent at x e X if for every c[] 0, there exist n,e N,
such that for every n=n, we have q,(x,x,)[] c.
(3) The sequence (Xx,) is right Cauchy in X if for every ¢ 0, there exist n, € N, such that
for every n>m>n,, we have q,(x,,x,) c.
(4) The sequence (x,) is left Cauchy in X if for every c[] 0, there exist n, € N, such that
for every n>m>n, we have q (x,,x,)[ c.

(5) Two sequences {x,}.., and {y,}.., are right equivalent Cauchy if for every cl] 0, there

neN
exist n, € N, such that for every n>m>n, we have q,(x,,y,) c.

(6) Two sequences {x.} _ and {y.},., are left equivalent Cauchy, if for every cl] 0, there
exist n, € N, such that for every n>m>n, we have q,(y,.x,)l c.

Example 2.1.12 Let be X =[0,1], E=R?* P ={(c,¢,):c,,c, >0}. Define 2-quasi-cone metric as

follow:
0 (x,y) - {«x—y)z,of(x—yf), X2y
(a?,1), X<y

q,is a p-quasi-cone metric in X , where p = 2.

, WhereO<a <1.

1 .
Let be X, = — asequence in X =[0,1].
n

Forn>m we have q,(x,,X;) =qp(%,%) =(a?,1), which prove that this sequence is not right

Cauchy.
1 1 1 1

2 2
Forn>m, we have q,(X,,X,)= ((——_j ;az(___zj j So for everyc=(c,c,) P such
m n m n

2 2
thatc>>0,d3n,eN and forn>m>n, we have(i—lj <C andaz(i—izj <C,,
m n m n

504, (X, X,) << C. so the sequence (x, = %) is left Cauchy.

Also, in a p-quasi cone metric space X, there exist sequences that are right convergent but not left
convergent in X.
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2.2 The topological p-cone metric space
Let (X,q,) be a p-quasi cone metric space, where P cE is a minihedral cone. Define the

function d_ : X x X — P, vx,y e X,d (X, y) =max{q, (X, ¥),q, (Y, X)}
The function d is well defined because cone P is minihedral then for every c;,c, € P there
existmax{c,,c,}.
Theorem 2.2.1 The function d (X, y) is p-cone metric in X .
Proof: qg,(x,y) >0andq,(y,x)>0=4d(x,y) >0
d, (% y)=0=max{q,(x ¥),d,(y,¥)}=0=0,(X,¥) =q,(y,X) =0=>x=y
d, (x, y) =max{qd, (X, ¥),q,(y, X)}=max{q,(y, X),d, (% y)}=d,(y, X)
d, (X, ¥) < p(q,(x,2) +d,(z,y)) andq,(y,x) < p(d,(y,2) +0,(z,X))
d,(x, y) <max{a,(x,y).a,(y, )}
< p(max{q, (x,2),a,(z, x)}+max{a,(y, z),q,(y,2)}) = p(d,,(x,2) +d (2, y)).
This p-cone metric obtained by p-quasi cone metric q,. The couple (X,d,) is called p- cone

metric space (type cone metric space).
Let define opened balls in p-cone metric B(a,c) ={x e X :d (a,x) <<c} and closed balls

B(a,c)={xeX:d (a,x)<c}.
In the same manner as theorem 2.1.6, we prove that the set
7y, ={¢, X,G c X,VaeG,3B(a,x) c G}

is topology in X .This topology is called obtained by p -cone metricd,.

Theorem 222 Let (X,q,) be a p-quasi cone metric space and
d,(x,y) =max{q,(x,y),d,(y,x)} Pp-cone metric obtained by p-quasi cone metric q,, then
7y, =r§p Ny -

Proof: To prove this, we must see:

i) For every c,,c, >>0, there existc >> 0 such that B(a,c) = B (a,c,) nB"(a,c,).

i) for everyc, >> 0, there existc, >>0,c, >>0such that B (a,c,) "B"(a,c,) = B(a,c,).

i) For every ¢ >>0,c,>>0 there exist c>>0 such that c<<c,c<<c, then
d,(a x) <<c=max{q,(a x),q,(x,a)}<<c=(q,(x,a) <<c<<c, and g,(a,x)<<c<<c,, SO
xeB(a,c,) and xe B"(a,c,) = xe B(a,c,)nB"(a,c,).

i) for c; >>0 , we takec, =c,,C, =C, and we have:

xeB(a,c;)NB"(a,c;) =, (x,a) << ¢,

d,(a x) <<c; = max{q,(x,a),q,(a,X)} << c, =d (a,x) <<c; = x € B(a, ;).

The families B ={B(a,c):aeX, ce P} and 3, ={B’ (a.c,)~B"(a,c,):xe X,c,c,0 O} are
bases for topology 7y, -

Theorem 2.2.3 The topological p-cone metric space 7y, isT,.
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Proof: Letbe x =y, then d (x,y)>>0. Signas d (x,y)=c>>0.

<<C.

From theorem 1.1.7, for ¢l 0 and ic >>0,3dn,eN,c =
2p 2pn,

Then B(x,cl) and B(y,c,) are two neighborhoods of x and y respectively such that
B(x,6) NB(Y,C) = ¢,

If we suppose that B(X,c,) NB(y,c,) # ¢, there exist zeB(x,¢)NB(y,c,) and d (x,z)<<c
and d (z,y) <<c,.

2pc C . 1
=— << csince— <<1.
2pn, N, N,

c=d,(x,y) << p(d,(x,2)+d, (z,y)) << p(c, +¢,)=p-2¢, =
This is a contradiction.
Definition 2.2.4. Let (X,q,)be a p- quasi cone metric space,d, p-cone metric obtained by
g,and(x,) asequence in X,
1) The sequence (X,) converges to x, if it converges related to p-cone metric d
Ve >>0,c e P,3n, € N such that vn>n, =d (x,,X) <<c.
2) The sequence(X,) is Cauchy in X if it is Cauchy related to p -cone metricd :

Ve >>0,ceP,3n, €N suchthat vn,m>n, =d (x,,X,) <<cC.

As we see from Definition 2.2.4, Theorem 2.2.2 and Definition 2.1.11, we must claim that:
1) The sequence (X,) converges to x if it converges left and right to x.

2) The sequence (X, ) is Cauchy in X if it is left and right Cauchy (bi-Cauchy).

3) The sequences(X,)and(y,)are equivalent Cauchy in X if they are left and right

equivalent Cauchy.
Theorem 2.2.6 If (X,q,) is a p-quasi cone metric space and K is constant of normality of cone

P, then the following propositions are true:
i) The sequence (x,) converges to x if and only if

d, (%, ) >0 < limq, (x,,%) = limq, (x, x,) =0 < |d, (%, x| —>o0.
ii) The sequence (X,) is Cauchy if and only if
d, (%, X,) =0 lima, (x,,x,) = limq, (x,,x,) =0 < |d, (%, %,)]| = 0.
iii) The sequences (x,) and (y,) are equivalent if and only if
dy (%, Yn) = 0> lima, (%, ¥,)) = lima, (¥, X,) =0 < [a(%,, ¥ )] = 0.
since r;jp,rg“p have the first axiom of countability then z, has it.

Due to (X,rdp) is Tzand it has the first axiom of countability then it has the uniqueness of limit.

Also we can prove easily that:

Theorem 2.2.7
1) Every subsequence of a convergent sequence in p-quasi cone metric space is convergent.
2) Every convergent sequence in p-quasi cone metric space is Cauchy.
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Definition 2.2.8 Let (X,q,) be a p-quasi cone metric space andd - p -cone metric obtained by
ap-

1) ae X isan internal point of Ac X if there exist B(a,c) c A

2) ae X isameeting point of Ac X, if for every B(a,c),B(a,c) A= 4.

3) ae X isalimit point Ac X, if for every B(a,c),B(a,c)mA—{a}=¢.

4) The set of internal points of A is called interior of A and we sign it by A.
5) The set of meeting points of A is called the closure of A and it is signed A .

As in topological space that satisfies the first axiom of countability, it is true the following
theorem:
Theorem 2.2.9

1) ae A ifand only if there exist sequence (x.) in A, such that x, — a.
2) The subset Ac X s closed, if and only if every sequence (x,) in A does not converge
to any point of complement of A.
3) Theset Ac X isclosed if and only if A=A
If (X,q,) is p-quasi cone metric space and P is minihedral cone then we can define bounded set

in X and the diameter of a set A.
Definition 2.2.10
1) The set Ac X, where (X,q,) is p-quasi cone metric space, is bounded if there exist

B(a,c) such that Ac B(a,c)-
2) Diameter of bounded set Ac X we call
S(A) =sup{q,(x,¥),d,(y,X):x,y € A}=sup{d (X, ¥): X,y € A}
Theorem 2.2.11. If set Ac X is bounded then A is bounded too and 5(ﬂ)£ p’s(A).

Proof: We take X,y € A=3(x.) =X, (y,) = y where(x.) and (y,) arein A,
Due to Theorem 1.4.7 we have that d (x,y) <k’limd (x,,y,) and d (x,y) <k’S(A).

But 5(K):sup{dp(x, y):x,ye A} and k25(A) is upper boundary {d, (%, y):X,yeA}. So
S(A) =sup{d_(x,y):x,y € A}= k’5(A).

2.3 Completeness and compactness in p-quasi cone metric space.

In this phragraph we give some proposition related on completeness and compactness of p-quasi
cone metric space which are generalization of relevant propositions in metric space.

In (Rezapour.Sh, Derafshpour.M, Hamlbarani R., 2008)  authors have generalized some
propositions related compactness for cone metric space. Also in (Proinov.P. 2013) authors have
given some proposition related on completeness of cone metric space. We generalize these
results in p-quasi cone metric space and d, — p -cone metric obtained byq, .

Definition 2.3.1 The p-quasi cone metric space (X,q,) is complete if every Cauchy sequence in
it converges at a point of X.
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Definition 2.3.2 The set Ac X, where (X,q,) is p-quasi cone metric space is complete if

every Cauchy sequence in A converges to a point of A
Theorem 2.3.3 The set Ac X, where (X,q,) is p-quasi cone metric space is complete if and

only if it is closed.

Proof: Necessary condition. Let A be complete and x € A. From Theorem 1.4.9 there exist a
sequence (X,) in A such that x, — X. So the sequence (x,) as convergent sequence is Cauchy
sequence in A. Due to A is complete we have that X, — Yy e A. From uniqueness of limit we

have x=ye A.So A=A and A is closed.
Sufficient condition. A is closed. Let (x,) be Cauchy sequence in A, then it is Cauchy in X too.

Due to X is complete, X —Xe X. From Theorem 1.4.9 we have that xe A=A SOA is

complete.
Theorem 2.3.4 The p-quasi cone metric space (X,q,) is complete if and only if every sequence

of closed sets A o A, ©...A, D..., where 5(A,) = 0 have an unique common point x e ﬂ A .

neN

Proof: Necessary condition. Vne N we take X, € A,. The sequence (X,) is Cauchy in (X,q,)
due to d (x,,X,) <<d(A,)—0. Since X is complete then X, —>xe X . For vke N fixed and

vneN,X,, €A, <A. So (X.,,) is asequence in A . Since (X,,)n IS @ subsequence of

k+n

(x,) then x., —Xx and X is a meeting point for A .Since A is closed XGZszk. So
VkeN,X,yeA(:XeﬂA].

neN

Let prove now that x is unique. If there  exist yeﬂAq, then:

neN

vneN,x,ye A =d (x,y)<5(A)—>0=d,(x,y) =0 x=Y.
Sufficient condition. Let (x,) be a Cauchy sequence in (X,q,). Sign as A, ={X,,X,,,..}. Due
to limd (x,,%,)=0=35(A)) —>0.

We have that S(An)< p?5(A). Taking limit of both sides we have S(A.) — 0 and

A A 5...Ay ... Then from condition there exist x such thatxe (] A,.VneN,xe A and

neN
d,(X,,X) <5(An). Sod (x,,x) >0, X, >x and X is complete.
Definition 2.3.5 The p-quasi cone metric space (X,q,) is compact if every open cover of X has

a finite subcover.
Ac X is compact if every open cover of A has a finite subcover.
Definition 2.3.6 The p-quasi cone metric space (X,q,) is sequentially compact if every

(x,) < X has a convergent subsequence in X.
Ac X is sequentially compact if every (x,) = A has a convergent subsequence in A.
Theorem 2.3.7 Every sequentially compact p-quasi cone metric space (X,q,) is complete.
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Proof: The sequence (Xx,) is Cauchy in X =limd (x,,x,)=0. Since X is sequentially

compact, for sequence (X,) there exist a subsequence (X, ) —>xeX. So d, (X, ,x)—0. From
inequality d,(x,,x) << p(d, (X, X, )+d,(x,,x)) >0 and (x,) converges inX. So X is

complete.
Theorem 2.3.8 Every sequentially compact set Ac X, in (X,q,) is closed and bounded.

Proof: Let be xe A then 3(x,) = A such that x, — x. Since A is sequentially compact, for
sequence (X,) < A, exist subsequence (x, ) such that x, —y e A As subsequence of (x,) we
have that x, — x. From uniqueness of limit x=ye A So A=A andA is closed. If A is
unbounded, for X, € A and ¢>>0,3x, € A such that d (x,,x) > p-cwhere p is constant of p-
quasi cone metric space. For the same reason 3x, € A d (X,, %) > p(c+d (%), X))
In general for ne N there exist X, € A such that

d, (X1, %) > (A (X, %) +d (X, %)+ 4+ (X0, X0) +C).
So for n>m we have that d (x,,%,) > p(d, (X, %,) +c). But
d, (%0 %) < p(d, (%, %) +d (X0, %),
P-dy (% X)) 2 A (%, %) = -0, (X, %) = P-C+ p-d (X, %) = p-d (X0, %) p-d (X, %,)=p-C
or d,(X,,X,)=c>>0,vn>m.
So the sequence (X,) has not any convergent subsequence, so A is not sequentially compact.

This is a contradiction and A is bounded.
The inverse of theorem is not true because it is not true in metric space.
Theorem 2.3.9 Every closed set A in a sequentially compact p-quasi cone metric space (X,q,)

is sequentially compact.
Proof: Let (X,) be a sequence in Ac X. Since X is sequentially compact then the sequence

(x,) has a convergent subsequence (X,) in xeX. Due to (x,) is a sequence in A and
X, — X & X, then x is a meeting point of A and since A is closed we have that xe A and A is

sequentially convergent.
From Theorems 1.5.8 and 1.5.9 we have:
Theorem 2.3.10 The set Ac X, where (X,q,) is a sequentially compact p-quasi cone metric

space is sequentially compact if and only if A is closed.
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